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6.   With the notations of Section 11.6, let K be an arbitrary continuous kernel function
in I x I, and let U be the corresponding compact operator in G. Let M be a finite
dimensional subspace of G such that U(M) c M; let (fa)i^h^n be an orthonormal
n
basis of the space M, and write Ufa — £ <*** fa. Show that
(For each /el, apply Bessel's inequality (6.5.2) to the function £->K(s-, t) and the
orthonormal system (fa) in G.)
Let (An) be the sequence defined (for the operator U) in Section 11.5, Problem 15(c).
oo
Prove that the series ]T |An|2 is convergent, and
n=l
(Apply the preceding result to any sum of subspaces N(/xfc), with the notations of
Section 11.5, Problem 15(c).)
 7.	Give an example of an hermitian kernel K(s, t), such that, if U is the corresponding
compact operator in G, and Kthe square root of U2 (Section 11.5, Problem 12), there
is no hermitian kernel to which corresponds the compact operator V. (If there existed
such a kernel, Mercer's theorem (11.6.7) could be applied to it; take then for K the
first example in Problem 3.)
 8.	In order that the compact operator U defined by an hermitian kernel K(,s, t) be
positive, show that a necessary and sufficient condition is that K be (in I x I) a
function of positive type (Section 6.3, Problem 4; to prove that the condition is
necessary, write the inequality
for a function /which is 0 outside arbitrary small neighborhoods of a finite number of
points Xi of I (1 ^ / ^ n). To prove that the condition is sufficient, use the same
method as in Section 8.7, Problem 1). Conclude from that property and from Section
6.3, Problem 8 and Section 6.6, Problem 5, a new proof of Mercer's theorem.
9. (a) A kernel function K(5, /) defined in I x I (with I = [a, b]) and satisfying the
assumptions of Section 8.11, Problem 4, is called a Volterm kernel if K(s, 0 = 0 for
$>t. Let M= sup |K(s, /)!• If U is the compact operator in G corresponding
(s, t) el x I
to K (Problem 1), show that U" corresponds to a Volterra kernel Kn such that
|Kn(M)l < M"(/- j^'VOi- 1)! for n> I and s ^ t (use induction on n). Deduce
from that result that the spectrum of U is reduced to 0, and that for any £ e C,
(b) Take a = 0, b = 1 , K($, /) = 1 for y < /, K(,y, /) = 0 for s > t. Show that for that
kernel, the function R(.y, /; A) in (11 .6.5) is equal to A""3 exp((/ — s)/A) for s ^ /, and
to 0 for s > t. (Use (8.14.2) to compute Un.)
10.   Let F+ be the prehilbert space defined in (1 1 .6.9) for the interval I = [0, 1 ], and let U
be the operator defined in Problem 9(b), so that for every function x e F+, y = Ux is
the function /->    x(s)ds. The space F+ is a dense subspace in a Hilbert space E
Jo
(6.6.2); U is extended by continuity to a compact operator in E, again written U
(1 1 .2.9). The closed subspaces E0 of E, distinct from 0 and E, and such that U(EQ) <= E0
will be determined in this problem.

